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ABSTRACT: This article studies the polarization characteristics of diffusely reflected backward radiation when illuminating a semi-

infinite, light-scattering medium with unpolarized radiation. The formation of neutral Babine, Brewster and Arago polarization 

points in the angular polarization characteristics of the secondary radiation is shown. Comparison between the results of exact 

numerical calculations and approximate analytical formulas has been carried out and physical conditions for the appearance of  

neutral points depending on the angles of illumination and the multiplicity of scattering have been analyzed. 
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INTRODUCTION 

With the appearance of methods for studying the Earth's surface using polarization probes, interest in studying the transport of 

polarized radiation in layers of the atmosphere has grown [1,2]. In our papers [3,4], the theory of polarized radiation transfer in 

media with finite optical thicknesses was outlined. Where, the method of calculation of polarized radiation transfer was developed 

within the framework of the theory of radiation transfer constructed by Chandrasekar and later generalized by Lenoble and E.L. 

Ivchenko and others in [5,6]. The polarization degrees of diffusely reflected and diffusely passed natural unpolarized solar radiation 

through atmospheric layers were calculated using this theory. The main attention was removed to the study of the angular 

characteristics of the Babine, Brewster, and Arago neutral points as a function of the illumination angle, optical thickness, and 

optical parameters of the medium. The results of these calculations have shown that neutral points are also formed in the semi-

infinite medium model. However, in the literature devoted to the study of the characteristics of neutral dots, this issue is not 

discussed in the semi-infinite medium model and has not been studied consistently. 

 In contrast to the atmosphere in the light scattering solids or liquids the dielectric permittivity of the medium is high. For this 

reason research of polarization characteristics of secondary radiation of such media, with the help of this model is of practical 

value and hopefully will attract the attention of specialists.  

In the case of  𝜏 → ∞ the results of calculations in media with finite optical thicknesses [3], one passes to the model of a semi-

infinite medium [5,6].  In this case, the intensity and polarization of the reflected backward radiation do not depend on the optical 

thickness and only the albedo parameter-the quantum yield of the one-time scattering-remains in the solution of the transfer 

equation. In spite of such simplification, in the characteristics of the reflected backward radiation all features concerning all neutral 

points observed in the case of a medium with a finite thickness are preserved. The angular characteristics have qualitatively the 

same character as in the case of a finite-thickness medium for the reflected radiation.  

 From the theoretical point of view, the study of neutral points in the model of a semi-infinite medium is still interesting because 

the solution of the integral equations for the 𝐻-functions by the iteration method has a very high accuracy [5]. This circumstance 

makes it possible to evaluate the accuracy of the solution of the equations for 𝑋(𝜇), 𝑌(𝜇)-functions calculated for a medium with 

finite thickness. Since in the model of media with finite thickness depending on the value of albedo and optical thickness, the 

numerical values of the integral equations for 𝑋(𝜇), 𝑌(𝜇)-functions have low accuracy, and this was mentioned in [7].  In spite of 

the fact that various methods have been developed to solve the transfer equation, we have chosen the iteration method to solve 

the problem at hand. The advantage of this method over others is that the iteration method allows us to estimate the contributions 

to the intensities and polarizations of the secondary radiation of single-, double-, etc. scattered radiation. This circumstance allows 

to better understand the process of formation of characteristics of the secondary radiation and to analyze the physical phenomena 

observed in the medium, such as neutral polarization points. 
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1. Problem statement 

        Let a plane light wave with total flux 𝜋𝑭 falls on the medium and propagates in the direction 𝜴0  (𝜃0, 𝜑0). Intensity of radiation 

at any depth (−𝑧) of the medium's plane, propagating in direction 𝜴(𝜃, 𝜑) is determined by solution of transfer equation [6], 

𝜇
𝑑𝐈(𝜏,𝛀)

d𝜏
= 𝐈(𝜏, 𝛀) −

�̃�0

4𝜋
∫ 𝑑𝜇′

1

0
∫ 𝑑𝜑′

2𝜋

0
𝐏(𝛀, 𝛀′)𝐈(𝜏, 𝛀′) −

�̃�0

4
exp(−𝜏/𝜇0)𝐏(𝛀, 𝛀𝟎)𝐅.               (1) 

Here the z-axis is perpendicularly upward directed from the incidence plane of the primary flux,  𝜃, 𝜑-polar and azimuthal angles, 

𝜏 = (𝛼𝑎𝑏𝑠 + 𝜎) 𝑧-optical thickness of the medium,  �̃�0 - albedo, is the quantum yield of single scattering, 𝑷(𝜴, 𝜴′) is a (4x4) matrix 

of single Rayleigh scattering, the incident flux is also represented as a Stokes column matrix 𝐅(𝐹𝑙, 𝐹𝑟 , 𝐹𝑈, 𝐹𝑉). 

           Intensities of diffusely reflected back radiation from medium is defined through 𝑺(𝜴, 𝜴𝟎) -reflection matrix, which 

connects with incident flux   

𝐈𝑟𝑒𝑓(𝛀) = (�̃�0/4𝜇)𝐒(𝛀, 𝛀𝟎)𝐅(𝜏 = 0, �̅�𝟎).                                             (2) 

Analytic form of solution for matrix 𝑺(𝜴, 𝜴𝟎) is determined by transfer equation (1), and principles of invariance, and this matrix 

can be represented as a sum of three independent terms [6],   

𝐒(𝛀, 𝛀𝟎) = 𝐐{(3/4)𝐒(0)(𝜇, 𝜇(1)) + [(1 − 𝜇2)(1 − 𝜇0
2)]1/2𝐒(1)(𝛀, 𝛀𝟎)𝐏(1)(𝜇, 𝜑, −𝜇0, 𝜑0) + +𝑆(2)(𝛀, 𝛀𝟎)𝐏(2)(𝜇, 𝜑, −𝜇0, 𝜑0)}.                                               

(3) 

 

The analytical form of the solution of these equations is rather cumbersome and for brevity we will not cite them here  [3]. 

 

2. Results of numerical calculations 

Usually the value 𝜇 = 𝑐𝑜𝑠𝜃 is used as an angular variable in the radiative transfer equation. Our calculations show that if the 

geometric angle 𝜃 is used as a variable, the accuracy of the calculation results increases, especially near 𝜇 → 0. This is due to the 

fact that in numerical calculations, when performing 𝜇 integration, the space in the angles is not uniformly divided. For example, 

if we divide the value of 𝜇, in the interval [0,1] at forty points, by the first step of the interval 𝛥𝜇 = 0 − 0.025, the angle 𝛥𝜃 ≈ 100 

corresponds. If we take into account that there is such an uneven distribution of space in 𝜇, it is not difficult to explain why the 

position of the Arago point is not clearly defined in some works dedicated to the study of the characteristics of neutral points in 

the atmosphere layers depending on the value of optical parameters of the medium [8,9,10]. Since, this point is observed only  

when the Sun is near the horizon (𝜇 → 0). 

The solutions of the problem are defined by eight non-linear integral equations for 𝑋(𝜇)-functions, passing at 𝜏 → ∞ to H-

functions. The solutions of these equations can be determined with high accuracy, by the iteration method, by numerical 

calculations on a computer. 

 Let us consider the case where the medium is excited by unpolarized radiation. The stokes parameters of the exciting 

radiation have the following values 

𝐹𝑙 = 𝐹𝑟 = 𝐹/2,    𝐹𝑈 = 𝐹𝑉 = 0                                                       (4) 

Due to multiple scattering in the medium, the radiation is polarized and the degree of polarization of the secondary radiation 

coming out of the medium is determined by the formula 

𝑃𝑙𝑖𝑛 = (𝐼𝑙 − 𝐼𝑟)/(𝐼𝑙 + 𝐼𝑟). 

 

Fig.1,2 shows the results of the exact calculation of the angular dependence of the polarization of the reflected secondary radiation 

for two values of albedo:  �̃�0 = 0.5 and  �̃�0 = 0.9. The polar angles of excitation and observation lie in the same meridional plane  

𝜓 = 𝜑0 − 𝜑 = 0, 𝜋. The source of illumination is in the half-plane 𝜓 = 𝜑0 − 𝜑 = 0. Calculations show that at large values of 

excitation angles, near the point 𝜃0 ≈ 900 in the meridional half-plane the Babine point and in the other half-plane the Arago 

point are observed. As the value of the excitation angle decreases, depending on the albedo value, from some angle  �̃�0 ≈ 𝜃0 , the 

Arago point disappears, but a Brewster point appears near the Babine point. When  �̃�0 = 0.5, the value of this angle is  �̃�0 ≈ 820. 

As the albedo value increases, the Arago point is observed at larger angles of illumination. At   �̃�0 = 0.9 the value of this angle is 

 �̃�0 ≈ 720.  With decrease of the excitation angle value 𝜃0 , the Babine and Brewster points shift towards the zenith point, and the 

angular distance between them first increases to 𝜃0 ≈ 500, and then decreases and merges into one point, at 𝜃0 = 00. Increasing 

the albedo value, also leads to widening of the angular distance between these points. At the same time the polarization amplitude 

increases in the area between the neutral points, but in the negative part of the characteristics, the polarization decreases. The 

polarization maxima correspond to the point where the propagation directions of the incident and reflected radiation are mutually 

perpendicular. The polarization maximum between the neutral points of Babine and Brewster corresponds to the angle of 

incidence of the incident radiation, i.e. the maximum is observed when the incident radiation is reflected backward. This behavior 

http://www.ijmra.in/
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of the neutral points is similar to the pattern observed for reflected radiation in the model of media with finite thickness [4,9,10].   

Figures 1 and 2 also show the results of the calculation of the angular characteristic of the degree of polarization of the secondary 

radiation, from the multiplicity of scattering for two values of albedo. The calculations in Figure 1 were performed for the 

scattering medium at  �̃�0 = 0.5, when the values of the absorption and scattering coefficient of the medium are equal to 𝜎 =

𝛼𝑎𝑏𝑠. The graphs show that for the formation of neutral points in the polarization characteristics of the secondary radiation, a 

twofold scattering of the primary radiation in the medium is sufficient. Increasing the number of scatterings leads to increasing 

the value of polarization of radiation between neutral points, and to decreasing the maximum polarization.    

In Fig.2 the calculations are performed in the case of a highly scattering medium, when 𝜎 = 9𝛼𝑎𝑏𝑠  and  �̃�0 = 0.9, the values of 

the scattering coefficient are much larger than the absorption coefficient value. In this case, the degree of polarization in the 

region between the neutral points is noticeably higher than in Fig. 1, and depolarization increases in the region of negative 

polarizations. 

The results of these calculations show that when the medium is excited by unpolarized radiation, across the meridional plane of 

incidence and observation, the difference between the 𝐼𝑙 , 𝐼𝑟  components of the intensity of the reflected radiation, changes sign 

twice.  

For verification, the results of the analytical calculation of the angular characteristics of the degree of polarization in equations 

(1)-(3), in the case of single scattering, are given below,  

𝑃𝑙𝑖𝑛 =
2𝛼2−(1−𝜇0

2)(1−𝜇2)+4𝜇𝜇0𝛼cos(𝜑0−𝜑)−(1−𝜇0
2)(1+𝜇2)cos2(𝜑0−𝜑)

2𝛼2−(1−𝜇0
2)(1−𝜇2)+4𝜇𝜇0𝛼cos(𝜑0−𝜑)−𝛼2cos2(𝜑0−𝜑)

,                         (5) 

where, 𝛼 = ((1 − 𝜇0
2)(1 − 𝜇2))1/2, 𝜑0, 𝜑 are the azimuthal angles of the incident and scattered radiation.  The results of the 

calculation of the angular characteristics of polarization in the first iteration, calculated by the exact (3) and by the analytical forum 

(5), coincide with high accuracy.    

Figure 3 shows the angular characteristics of the secondary radiation intensity, for two values of albedo. The graphs show that in 

the geometry of normal incidence and reflection back 𝜃0 = 𝜃 = 0, the intensity of secondary radiation is maximal. As the 

excitation angle deviates from the normal, the intensity maximum shifts toward the horizon. As the value of quantum yield of 

single scattering increases, the intensity of secondary radiation increases at all angles of illumination and observation. At the 

polarization rotation points, the intensity also changes values modulo.       

Below we discuss the case when the medium is excited by linearly polarized radiation, the polarization plane of the incident and 

reflected radiation lie in the same meridional plane, containing angle 450  between the 𝐹𝑙, 𝐹𝑟 components, the phase difference 

of oscillations between them is equal to zero. The stokes parameters of the excitation radiation have the following values 

𝐹𝑙 = 𝐹𝑟 = 𝐹/2, 𝐹𝑈 = 𝐹, 𝐹𝑉 = 0.                                                       (6) 

The degree of polarization of radiation is determined by the formula   

𝑃𝑙𝑖𝑛 = 𝑈/(𝐼𝑙 + 𝐼𝑟).                                                                 (7) 

  

Angular polarization characteristics of secondary radiation for different values of the excitation angle, with albedo  �̃�0 = 0.5 and 

 �̃�0 = 0.9 are shown in Fig. 4,5. It can be seen from figures that in contrast to case of excitation of medium by non-polarized 

radiation, in this case only one neutral point is observed in angular polarization characteristics of reflected radiation. As one would 

expect, this point corresponds to the point where the directions of the incident and reflected radiation are mutually perpendicular. 

At the first iteration by the general formula (3), we can introduce the formula for calculation of polarization for the once scattered 

radiation  

𝑃𝑙𝑖𝑛 =
2(2𝛼cos(𝜑0−𝜑)−2𝜇0𝜇cos2(𝜑0−𝜑))

2𝛼2−(1−𝜇0
2)(1−𝜇2)+4𝜇𝜇0𝛼cos(𝜑0−𝜑)−𝛼2cos2(𝜑0−𝜑)

                        (8) 

 

Figure 6 shows the angular characteristics of the secondary radiation intensity, for two values of albedo. As the albedo value 

increases, the intensity of the radiation exiting the medium decreases, since the multiplicity of scatterings increases. At the zero 

points of polarization the phase difference between the components 𝐼𝑙 , 𝐼𝑟 changes sign, this leads to a change in the sign of the 

intensity. 

 

CONCLUSIONS 

1. Theoretically investigated the angular polarization characteristics of diffusely reflected secondary radiation when illuminating 

a light-scattering, semi-infinite medium with unpolarized and polarized radiation.  
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2. It is shown that in the model of a semi-infinite medium in the angular polarization characteristics of diffusely reflected radiation 

neutral points, similar to those discussed in atmospheric physics, are formed in the case of media with finite thicknesses. Positions 

of these points strongly depend on value of quantum yield of single scattering-albedo and angle of illumination. 

3. The conditions for the formation of neutral points depending on the multiplicity of scattering were investigated. It is shown that 

for the formation of neutral points, a double scattering of the incident radiation in the medium is sufficient. 

4. Calculations show that this polarization behavior has a general character, and, unlike turbid media, neutral points can also be 

observed in light-scattering media with high dielectric permittivity, both in liquids and solids. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.1. Dependences of polarization of reflected backward radiation on the multiplicity of scattering, in case  �̃�0 = 0.5 . Dotted 

curves describe single scattering, dotted double scattering, bold curves the results of exact scattering. Illumination angles: 𝜃0 =

00 (cr. 1), 𝜃0 = 300(2), 𝜃0 = 600(3), 𝜃0 = 850 (4). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2. Dependences of polarization of the secondary radiation on the multiplicity of scattering, in case 0
0.9   . Dotted curves 

describe single scattering, dotted double scattering, bold curves the results of exact scattering. Illumination angles: 𝜃0 = 00 (cr. 

1), 𝜃0 = 300(2), 𝜃0 = 600(3), 𝜃0 = 850 (4). 
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Fig.3. Angular dependences of the intensity of secondary radiation for two values of albedo. The      dotted curves are calculated 

at  �̃�0 = 1/3, the bold ones at  �̃�0 = 0.9. Illumination angles: 𝜃0 = 00(cr.1,1′), 𝜃0 = 300(2,2′), 𝜃0 = 600(3,3′), 𝜃0 = 850(4). 

 

 
Fig.4. Dependences of polarization of reflected radiation on multiplicity of scattering, at excitation by linearly polarized light. 

Dotted curves single scattering, bold results of exact scattering, 0
0.5  . Illumination angles: 𝜃0 = 00 (cr. 1), 𝜃0 = 300(2), 

𝜃0 = 600(3), 𝜃0 = 850 (4). 
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Fig.5. Dependences of polarization of the secondary radiation on the scattering multiplicity, in the case  �̃�0 = 0.9 . The dotted 

curves describe the single scattering, the bold curves the results of the exact calculation. Illumination angles: 𝜃0 = 00 (cr. 1), 

𝜃0 = 300(2), 𝜃0 = 600(3), 𝜃0 = 850 (4). 

 

 
Fig.6. Angular dependences of the intensity of secondary radiation for two values of albedo. The dotted curves are calculated at 

 �̃�0 = 1/3, the bold ones at  �̃�0 = 0.9. Illumination angles: 𝜃0 = 00(cr.1,1′), 𝜃0 = 300(2,2′), 𝜃0 = 600(3,3′), 𝜃0 = 850(4) 
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